
Inception Criteria for Droplet Entrainment 
In Two-Phase Concurrent Film Flow 

Inception criteria for droplet entrainment in concurrent gas-liquid film 
flow were developed from simple physical models. For film Reynolds num- 
ber > 160, an entrainment model based on the shearing off of roll-wave 
crests was used. At lower film Reynolds numbers, a wave undercutting 
mechanism was introduced. Experimentally observed abrupt changes in 
the critical gas velocity corresponding to the onset of entrainment at a 
certain film Reynolds number have been explained by the shift in the 
entrainment mechanisms. An agreement of the present inception criteria 
with various experimental data is shown to be satisfactory, and significant 
improvements over the existing empirical correlations have been made. 
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SCOPE 
An understanding of the conditions leading to entrain- 

ment and atomization of a liquid film by a gas flow is of 
considerable practical importance for heat and mass trans- 
fer processes in two-phase flow systems. The mechanisms 
of mass, momentum, and energy transfer between the film 
and gas core flow is significantly altered by the inception 
of entrainment. 

For example, the “burnout and post-burnout” heat flux 
in light-water cooled nuclear reactors (Collier, 1961; 
Petrovichev et al., 1971; Cousins et al., 1965), the effec- 
tiveness of the emergency core cooling systems in water 
reactors (Semeria and Martinet, 1965; Yamanouchi, 1968; 
Duffey, 1973), and the performance of the film cooling of 
jet and rocket engines (Kinney et al., 1957; Knuth, 1954) 
can be significantly affected by the entrainment of the 
liquid film into the gas core flow. We also note that the 
prediction of sodium film and cladding relocation in the 
liquid metal fast breeder reactors (Henry et al., 1974; 
Grolmes et al., 1974) as well as gas-cooled fast reactors 
under accident conditions could be affected by a reliable 
entrainment criterion. Numerous other examples where 
the atomization and entrainment of the liquid film imposes 
operational and performance limitations could be found 
in various chemical engineering systems (Zuber, 1962; 
Brodkey, 1967; Pushkina and Sorokin, 1969). 

The comparison of the various experimental data and 

the existing correlations (van Rossum, 1959; Kutateladze, 
1972; Chien and lbele, 1960; Zhivaikin, 1962; Steen and 
Wallis, 1964) showed several discrepancies (see Figure 
1 and Figure 3). Since these correlations are purely em- 
pirical formulas, a physical understanding of the initiation 
of entrainment cannot be obtained from them. Further- 
more, the generality of some correlations (van Rossum, 
1959; Zhivailtin, 1962) is in serious question due to their 
dimensional forms. On the other hand, the nondimen- 
sional correlations (Kutateladze, 1972; Steen and Wallis, 
1964) fit only to the part of the characteristics of experi- 
mental data, and therefore they can be considered as 
overly simplified models. In view of these shortcomings 
of existing empirical correlations, it is highly desirable to 
obtain an entrainment inception criterion based upon 
physical modeling which can provide some understanding 
of the entrainment mechanisms and a reliable design 
rule. This is particularly important for liquid metal sys- 
tems such as sodium and molten stainless steel where con- 
ventional empirical correlations appear not applicable. 
The purpose of this paper is to develop such inception 
criteria from physical models based on two dominant 
entrainment mechanisms, that is, shearing off of a roll- 
wave crest and undercutting of a liquid film. Furthermore, 
an effort has been made to explain seemingly contradict- 
ing experimental results from various investigators by a 
unified inception criteria. 

CONCLUSIONS AND SIGNIFICANCE 
It  has been shown that for a concurrent two-phase film 

flow system, there are several possible mechanisms of a 
droplet entrainment by a high velocity gas flow. New 
inception criteria for entrainment were obtained from the 
simple physical models. The mechanism of shearing off 
of a roll-wave crest was used to obtain the criterion for 
relatively high film Reynolds number regimes. The critical 
velocity at the onset of entrainment depends on the vis- 
cosity number N ,  and the film Reynolds number Rep 
However, for a completely rough turbulent regime, for 
example, Ref 1 1635, the asymptotic criterion is indepen- 
dent of the Reynolds number. 

In the lower Reynolds number regime, the entrainment 
mechanism based on the wave undercutting by a turbu- 
lent gas flow was postulated and the criteria for the in- 
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ception of engainment was deduced from the analogy 
with the Hinze’s droplet disintegration model. Rather 
abrupt changes in the critical gas velocity at a certain 
film Reynolds number have been explained by the shift 
in the above two different entrainment mechanisms. In 
addition, the minimum film Reynolds number, below 
which no entrainment is possible irrespective of the gas 
velocity, has been proposed and the criterion was derived 
from the physical model based on the submergence of 
the film in the gas turbulent boundary layer. 

The comparison of the present models to the wide 
variety of experimental data has been given and the 
agreement between them are satisfactory. k partial ex- 
planation of the seemingly contradicting experimental 
results of various investigators is possible from the present 
theory. 
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Fig. 1. Comparison of various entrainment correlations for water- 
air flow at  15°C. 

LlOUlD REYNOLDS NUMBER Re, 

In a system where a liquid phase flows along the wall as 
a film with a gas phase flowing over it, several transitions in 
hydrodynamic characteristics take place before the onset 
of the liquid entrainment (Brodkey, 1967; van Rossum, 
1959; Levich, 1962; Hewitt and Hall-Taylor, 1970; Wallis, 
1969; Lamb, 1945). When the gas velocity is sufficiently 
small, the interface appears to be relatively stable. Al- 
though there have been some conflicting results on the 
absolute stability of the vertical films in terms of the liquid 
Reynolds number, it can be said in general that for in- 
creased gas velocity the interface becomes wavy due to the 
well-known Kelvin-Helmholtz instability (Levich, 1962; 
Lamb, 1945). In horizontal or inclined channels, the grav- 
ity and surface tension force has a stabilizing effect, 
whereas the relative velocity between the phases destabil- 
izes the film by variation in pressure distribution over the 
wave. At the wave crest the gas velocity is higher corre- 
sponding to a lower pressure according to the Bernoulli 
theorem, and at the wave trough the lower gas velocity re- 
sults in a higher gas pressure. When the film is unstable 
the dominant waves to appear are the ones havng the 
maximum growth factor. The order of magnitude of this 
wave length is characterized by u/(p,u,.2) which is gen- 
erally small compared with other types of interfacial waves 
(Levich, 1962; Lamb, 1945), thus Rayleigh called these 
capillary waves ripples. 

As the relative velocity is further increased, the waves 
become irregular and three-dimensional (van Rossum, 
1959; Hanratty and Hershman, 1961). At a sdciently 
high wave amplitude and gas velocity, these capillary 
waves having the characteristic of dynamic waves can 
transform to large amplitude kinematic waves (Lighthill 
and Whitham, 1955), which propagate in one direction. 
These are the roll waves studied by Hanratty and Hersh- 
man (1961) among others (Hanratty and Engen, 1957; 
Chung and Murgatroyd, 1965). At the roll wave transition 
(Brodkey, 1967; Hanratty and Hershman, 1961) or at a 
still higher gas velocity (Wallis, 1969) the onset of the 
entrainment has been observed. However, the experimental 
work of van Rossum (1959) suggests that the entrainment 
can also occur in the absence of large amplitude roll waves 
for a highly viscous fluid. 

Reviews of existing experimental and analytical work on 
the inception of liquid entrainment have been carried out 
by Zuber (1962), Hewitt and Hall-Taylor (1970), Wallis 
(1969), and Kutateladze (1972). Zuber’s work was also 
directed to explore possible entrainment mechanisms, By 
using simple models based on force balances, several simi- 
larity criteria are derived in Zuber (1962). The extensive 
review work of Hewitt and Hall-Taylor (1970) summar- 
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izes various experimental data and correlations. It has been 
shown there that large discrepancies exist among the vari- 
ous correlations and also between the experimental data. 
For example, the critical gas velocity predicted by the 
correlation of Chien and Ibele (1960) can be five times 
as high as the one given by Zhivaikin (1962) (see Figure 
1) .  These results are not surprising since several completely 
different methods of defining the experimental point of en- 
trainment inception have been used. Experimental results 
based on sampling probes (Cousins et al., 1965; Steen and 
Wallis, 1964; Wallis, 1962; Yablonik and Khaimov, 1972; 
Ueda and Tanaka, 1973) show that the mass fraction en- 
trained increases rather slowly with increasing gas velocity 
near the inception point. Furthermore, the position of the 
curve can be easily shifted at the low entrainment region 
by changing the inlet conditions or by changing the posi- 
tion of the sampling probes. However, at a relatively high 
entrainment fraction, it increases linearly with the gas ve- 
locity. Consequently, some investigators (Steen and Wallis, 
1964; Wallis, 1962; Yablonik and Khaimov, 1972) used 
the linear extrapolation from the high entrainment fraction 
region to the zero entrainment condition, as shown in Fig- 
ure 2. 

In contrast to the linear extrapolation method, Cousins 
et al. (1965) and Ueda and Tanaka (1973) carefully fol- 
lowed the actual entrainment curve by measuring the liq- 
uid fraction entrained at lower gas velocities; thus it can 
be expected that their data indicate smaller critical gas 
velocities than those of Steen and Wallis (1964), Wallis 
( 1962), and Yablonik and Khaimov (1972). The differ- 
ences between the critical gas velocity at the actual onset, 
and the one based on the linear extrapolation method can 
be as high as 100% even under controlled inlet condition, 
which effectively eliminated the entrainment caused by liq- 
uid injection to the system. It was also pointed out in 
Cousins et al. (1965), Wallis (1969), and Yablonik and 
Khaimov (1972) that the measured critical gas velocity 
depends on the axial and transverse position of the sam- 
pling probe, which further complicates the procedure to 
define the experimental point of the onset of entrainment. 

Apart from the sampling method, several different en- 
trainment detection methods and inception criteria have 
been used. Visual observations (van Rossum, 1959; Zhivai- 
kin, 1962) as well as pressure drop measurements (Chien 
and Ibele, 1960; Zhivaikin, 1962) are useful means to 
identify the change in the flow regimes or in the interfacial 
characteristics. In general, two transition points in the 
pressure drop versus gas flow curve can be observed, that 
is, one associated with the smooth film to wavy film transi- 
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tion and the other with the onset of entrainment. Both 
transitions are characterized by an increase in the pressure 
drop gradient signifying a change in momentum transfer 
mechanisms. In spite of the several existing methods, the 
difficulties encountered in deciding the entrainment incep- 
tion point are noted by various investigators (Hewitt and 
Hall-Taylor, 1970; Wallis, 1962; Yablonik and Khaimov, 
1972). Further discussions concerning the film flow mea- 
surements can be found elsewhere (Hewitt and Hall- 
Taylor, 1970). 

There are also conflicting results on the effects of direc- 
tion of the flows, that is, horizontal, vertical upwards, and 
vertical downwards flows (see Figure 1) .  Zhivaikin's ex- 
periment (1962) shows that the inception of droplet en- 
trainment depends on the flow direction at least at the low 
liquid Reynolds number region, whereas Wallis' result 
(1962) indicates that the onset is independent of the flow 
orientation. In contrast, the correlations proposed by 
Kutateladze (1970) depend on the flow direction over the 
whole range of liquid Reynolds number. 

In countercurrent film flow, the situation is further com- 
plicated by the flooding phenomenon. Near the flooding 
point, the interface is extremely unstable and large am- 
plitude waves appear. These waves can be carried up by 
a gas flow or in small diameter channels extend to form a 
liquid bridge which can be entrained into the gas stream. 
The mechanism of entrainment can be quite different in 
this case from the one occurring in a concurrent gas-liquid 
flows (refer to Figure 7, type 5).  

Detailed experimental work using various liquids was 
carried out by van Rossum (1959). His data indicate that 
there exist several different mechanisms of entrainment. He 
was apparently the first to realize that for sdciently high 
liquid film Reynolds numbers, the critical gas velocity ap- 
proaches a constant value which he correlated in terms of 
the liquid surface tension parameter, His empirical rule, 
however, has a dimensional form and its general use is 
questionable, particularly for liquid metals. At smaller 
Reynolds numbers, the experimental data appear to con- 
verge to a single curve when they are plotted in the di- 
mensionless plane of the liquid Reynolds number versus 
ugpfLf/u or in the plane of Weber number versus ug&/u, 
which van Rossum presented as a graphical correlation. 

The experimental results of Zhivaikin (1962) for a con- 
current downward flow were expressed by three correla- 
tions in terms of the liquid Reynolds number. The gen- 

erality of these correlations is also questionable owing to 
their dimensional form. Steen and Wallis (1964) examined 
the effects of inlet conditions on the onset of entrainment 
as well as the effects of the tube diameter. The liquid prop- 
erties and the gas density have been changed, however, 
due to their liquid injection method, the experiment tends 
to produce high inlet entrainment. Thus, it is quite difficult 
to detect the precise point of entrainment inception. The 
correlation proposed by Steen is independent of the liquid 
Reynolds number, but it includes the density ratio of the 
gas and the liquid. In view of the experimental observa- 
tions of Zhivaikin (1962) and van Rossum (1959), it can 
be concluded that the correlation of Steen and Wallis 
(1964) is applicable only at relatively large Reynolds 
number. Furthermore, because of the method to define the 
inception point, the correlation tends to give a larger gas 
ve!ocity than the actual critical velocity. It would also ap- 
pear that the correlation is not valid for liquid metals (see 
Figure 3).  

The important characteristics of the various investiga- 
tions are presented in Table 1 with the symbols which are 
used in subsequent figures. These data summarized in 
Table 1 are used to develop the proposed correlations in 
the subsequent analysis. 

In the above discussion several conflicting experimental 
results, contradictions, and unsolved questions have been 
pointed out. In order to obtain consistent experimental 

I I I 
PRESENT THEORY, I . HORIZONTAL AND 

E VERTICAL UP FLOW 
I 
I 

u 

I i :  \ 

< STEEN AN0 WALLIS I 

I / 

z VAN ROSSUM 
w I PRESENT THEORY, 

VERTICAL DOWN FLOW .. c 
Y "7 

\----------- 
-. 

HORIZONTAL 
FLOW 

4 

> 
r DOWN 

VERTICAL 
FLOW 

? I  UP FI  i 
"7 

2 101 I I I I 
I 10 I00 103 lo4 lo5 

Fig. 3. Comparison of various correlations for molten stainless steel- 
sodium vapor a t  1430°C and 2.1 atrn. 

LiOUlD REYNOLDS NUMBER R e ,  

TABLE 1. SUMMARY OF VAFUOUS EXPERIMENTS ON INCEPTION OF ENTRAINMENT 

Reference Fluids' Geometry 
van Rossum Water Channel 15 x 15 cm 

( 1959) W.iter +1.5% butanol 
Water +3.3% butanol 
Water +7% butanol 
Kerosene 
Ga\ oil 
Mineral oil 1 
Mineral oil 2 

35% aqueous glycerine 
47% aaueous elvcerine 

Zhivaikin (1962) Water 1.3 & 2.1-cm tube 

1 I,, 

55% aqueous glycerine 
Wallis (1962) Water 10.6 & 1.56-cm tube 

Steen and Wallis Water 1.07 C 10.6-cm 
( 1964 ) Ethylene glycol 1.07-cm tiibe 

Cousin et al. (1965) Water 0.953-cm tube 

Ueda and Tanaka Water 2.88-m tube 
( 1973) 

Yablonik and Khaimov Water 5.8 x 13.6 cm channel 
(1972) with water on wide 

Siliconefluid96(5) 
Silicone fluid 96( 20) 

wall 
Present work Water-nitrogen gas 0.318 x 2.54 cm 

water on wide 
wall 

Water-helium gas channel with 

* Unlerr otherrviae stated. the 88* WBJ air. 
t AP, pressure dmp; Q., volume1.i~ gas flour; Qr, v01vmet.i~ liqnid Row. 

Flow direction 
Horizontal 

Vertical up and 
down 

Vertical down 

Vrrtical down 

Vertical up 

Vertical down 

Vertical down 

Inclined 
down 

Measurementf 
6, AP, Qm Qt 

6, i p s  Qm Qt 

Sampling probe 

Sampling probe 
Qo, Qt 

QB, Qt 

Sampling probe 
Qa ?I, AP 

Sampling probe 
Qo, @I. AP 

Sampling probe 
Qa Qt 

AP, Qo, QI 

Operational 
condition Inception criteria 

Near atmospheric Visual 

Near atmospheric Visual and AP 

Near atmospheric Linear extrapolation 

1 atm - 4ahn Linear extrapolation 
Near atmospheric 

2.72 atm Zero entrainment 

Near ahnospheric Zero entrainment 

Near atmospheric Linear extrapolation 

Near atmospheric AP and visual 

Symbol used 
in figure 
c 

-e- 
0 
+ 
A 

0 
V 
V 
v 
$ 
@@OO 

# 
0 

rn 
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Fig. 4. Gas-liquid entrainment test setup. 
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Fig. 5. Test section pressure drop for concurrent gas-liquid flow with 
onset of droplet entrainment. 

data and to eliminate a part of the difficulties associated 
with the experimental determination of the entrainment 
inception point, it is necessary to minimize the entrainment 
caused by the liquid injection to the system. For this pur- 
pose, Hewitt and Hall-Taylor (1970) suggests the use of 
a porous-wall or a suitably designed annular slot as a liquid 
injector. 

The temperature control of a liquid and gas was pointed 
out to be very important (Zuber, 1962; Amman, 1960), 
particularly at low temperatures, since for water the liquid 
viscosity can change considerably. Evidently, additional 
experimental data with vaned gas properties and %OW di- 
rections under carefully controlled inlet and temperature 
conditions are needed to resolve some of the existing ques- 
tions. 

ENTRAINMENT EXPERIMENT 

To illustrate some important aspects of the previous discus- 
sion, some additional experimental data were obtained in the 
apparatus shown in Figure 4. A rectangular transparent test 
section of dimensions 76.2 cm long by 2.54 cm wide by 
0.317-cm gap was used. The test section was connected be- 
tween a supply and receiver plenum and could be elevated at 
an angle e with respect to the horizontal. Data were taken at 
45" elevation. Water was smoothly injected through a slot 
type distributor at the entrance to the test section. The test 
section ends were tapered 15" to allow for smooth gas flow 
into and out of the test section. Gas could be directed in either 

concurrent or countercurrent flow. Both helium and nitrogen 
were used to permit a 7-fold variation in liquid to vapor den- 
sity ratio. The onset of droplet entrainment could be observed 
visually and measured directly as the break in the test section 
pressure drop vs. gas flow rate curve of Figure 5. Visual and 
pressure drop measurements were always coincident at the 
onset of entrainment for initially concurrent flow. 

Typical data for concurrent flow are shown in Figure 6. The 
data illustrate the effect of liquid to vapor density ratio on the 
onset of entrainment, and for the helium water data, the min- 
imum liquid film thickness or Reynolds number for the cutoff 
of entrainment. For nitrogen and water, a breakdown in the 
liquid film to rivulet flow was observed prior to the entrainment 
cutoff. With the narrow gap height of this test section, entrain- 
ment coincided with the flooding transition for initially counter- 
current flow because of liquid bridging the total gap at the 
flooding point. Alternately, for initially concurrent flow, the 
flooding transition was not observed. Rather, the onset of en- 
trainment was the first flow disruptive transition encountered. 
These observations point out the various differences between 
con-and countercurrent flow and the different kinds of behavior 
at minimum film thickness with regard to breakdown of the 
flow pattern. 

MECHANISM OF ENTRAINMENT 

A wavy liquid film can be entrained into a gas flow in 
a number of different ways. Hydrodynamic and surface 
tension forces govern the motion and deformation of the 
wave crests. Under certain conditions, these forces lead to 
an extreme deformation of the interface which results in 
breakup of a portion of a wave into several droplets. The 
forces acting on the wave crests depend on the flow pat- 
tern around them as well as on the shape of the interface. 
In general, the five basic types of entrainment mechanisms 
which are shown in Figure 7 can be considered. 

In the first type, commonly observed in the experiments 
(Brodkey, 1967; van Rossum, 1959; Hewitt and Hall- 
Taylor, 1970; Hanratty and Hershman, 1961), the tops of 
large amplitude roll waves are sheared off from the wave 
crests by the turbulent gas flow. The drag force acting on 
the wave tops deforms the interface against the retaining 
force of the liquid surface tension. 

The second type of entrainment is caused by undercut- 
ting the liquid film by a gas flow (Hewitt and Hall-Taylor, 
1970). The experimental results of van Rossum (1959) at 
low Reynolds number are correlated in terms of the Weber 
number based on the film thickness and show striking simi- 
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Fig. 7. Various entrainment mechanisms. 

larity with the criterion of droplet disintegration by a gas 
stream (Hinze, 1955). Consequently, a strong relation in 
the breakup mechanism between these two different phe- 
nomena can be expected. 

The third type is related to the bursting of gas bubbles. 
I t  was shown by Newitt et al. (1954) that drops can be 
generated by a bubble rising to the surface of a liquid. 
When the bubble reaches the interface, a thin liquid film 
forms at the top of the bubble which separated it from the 
gas flow. As the liquid is drained from the film, it eventu- 
ally ruptures in several places resulting in entrained fine 
droplets. Much larger drops can be formed on the bursting 
of bubbles by the motion of the surrounding liquid filling 
the crater left by the bubble. A spike-like filament rises at 
the center of the crater which is then disintegrated into 
droplets. The formation of the bubbles in the liquid film 
can be due to gas injection, turbulent wavy motions, or 
nucleation. 

The fourth type of entrainment is caused by the im- 
pingement of the liquid, drops or mass to the film inter- 
face. Advancing roll-wave fronts may produce small size 
droplets by this mechanism. 

The last type to be considered here is related to the en- 
trainment associated with the flooding phenomenon. When 
the countercurrent flow reaches the flooding condition, 
large amplitude waves can be separated from the film to 
form a bulge due to the film instability or may even form 
a liquid bridge between the walls. The formation of the 
liquid mass in the high velocity gas core flow resembles 
the experimental condition of droplet disintegration hv a 
gas stream (Hinze, 1955; Sevik and Park, 1973; Sleicher, 
1962). It is therefore expected that these liquid buldges 
and bridges eventually disintegrate into several droplets 
by the mechanisms discussed by H;nze ( 1955). 

A careful examination of the existing experimental data 
for the inception of entrainment in concurrent two-phase 

flow systems, by plotting them on the liquid Reynolds 
number versus the critical gas velocity plane, indicates 
that there exist at least three different regimes for each 
fluid as shown in Figure 8. Here the liquid film Reynolds 
number is defined by 

(1) 
Rf3fZ-z- 4PPfS 4r 

Pf  Vf 

where r is the volumetric flow rate per unit wetted perime- 
ter. At large Reynolds numbers, the critical gas velocity 
becomes practically constant. This gives the minimum 
gas velocity below which the film entrainment is not possi- 
ble irrespective of the film Reynolds numbers. The value 
of Ref at the boundary between the Reynolds number de- 
pendent and Reynolds numbers independent regions lies 
in the range of 1500 to 2000. This indicates that above this 
Reynolds number denoted by A in Figure 8, the film is in 
the completely rough turbulent flow regime in which the 
hydrodynamics of the film is mostly governed by the inter- 
facial conditions. 

In the region between point A and B shown in Figure 
8, the critical gas velocity for the onset of entrainment 
becomes a function of Ref indicating that the liquid flow 
within the film also contributes to the momentum ex- 
changes between the phases. Near the inception point of 
entrainment the interface is very rough; thys it is expected 
that the quasi-turbulent flow persists to considerably low 
Reynolds numbers (Hughmark, 1973). The characteristic 
of this region, therefore, is identified with the laminar- 
turbulent transition regime. 

There are several experimental evidences (van Rossum, 
1959; Zhivaikin, 1962; Cousins et al., 1965) showing that 
below a certain film Reynolds number the critical gas veloc- 
ity for entrainment starts to increase very rapidly with the 
decreasing liquid flow rate. Furthermore, the rate of in- 
crease of gas velocity is such that for practical purposes it 
has been identified as an absolute limit of entrainment 
(Hewitt and Hall-Taylor, 1970). It  was assumed there that 
below this minimum Reynolds number no entrainment is 
possible irrespective of the gas velocity. Whether the above 
observed phenomenon really corresponds to the absolute 
limit or to a rather abrupt transition in the entrainment 
mechanisms (Zuber, 1962) cannot be resolved completely 

MINIMUM REYNOLDS 
NUMBER REGIME t' ENTRAINMENT 

TRANSITION 
REGIME 

ROUGH TURBULENT \*,,,, REGIME 

I 

I 
NO I ENTRAINMENT 

B A(7.5)  
I n  ( R e f )  

Fig. 8. Schematic inception boundary for a particular combination of 
liquid and gas. 
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because of the limited experimental data. However, ir- 
respective of the above phenomenon we expect that thin- 
ning of the liquid film by the high shear flow of a gas will 
eventually lead to the submergence 6f the liquid film in 
the gas boundary 1,ayer. As a consequence, dynamical in- 
teraction between the gas turbulence and liquid film is 
substantially decreased. It can be considered that this leads 
to the termination of the entrainment. However, the phys- 
ics of very thin films is further complicated by the appear- 
ance of the dry patches due to the poor wettability of the 
surface (Hartley and Murgatroyd, 1964; Bankoff, 1971). 
Depending on the surface tension and the contact angle, 
the continuous film becomes unstable at very small film 
thickness, and it can break into several rivulets which are 
the more stable configuration. The hydrodynamics of the 
small rivulets is expected to be considerably different from 
that of the continuous film because of the existence of the 
contact lines. 

In the subsequent sections, these three regimes are ana- 
lyzed separately to obtain the inception criteria for en- 
trainment in concurrent film flows. Since the minimum 
Reynolds number regime and the rough turbulent regime 
can be considered as an asymptotic case at each end of 
the transition regime shown in Figure 8, we first study the 
entrainment mechanisms in the transition film flow regime. 

LIQUID - 

TRANSITION REGIME ENTRAINMENT 

Of the various entrainment mechanisms discussed in the 
previous section, the model chosen for the transition film 
flow regime is shown in Figure 9. It is essentially based 
on the roll-wave geometry with an internal flow in the 
wave crest (Type 1 in Figure 7). The amplitude of the 
wave is denoted by a and the wave length by h. Two as- 
sumptions concerning the entrainment mechanism and the 
flow inside the wave crest have been made. 

First we assume that the entrainment becomes possible 
if the drag force F d  from the high shear flow of gas acting 
on the wave crest exceeds the retaining force of the surface 
tension F,. Thus, we write 

................................ 

1 x - 

It is noted that this forrn of the entrainment criterion was 

L .  
_I 

G A S  ---- 

a) SIDE VIEW 

b) TOP VIEW 

Fig. 9. Model for entrainment based on roil-wave breakup. 

first introduced in (Zuber, 1962). Under the above condi- 
tion, the wave form cannot retain its original form, thus it 
leads to the deformation of the wave crest. The drag force 
is given in terms of the drag coefficient c d  as 

(3) 

where u1 denotes the relative velocity between the mean 
gas fiow and the film flow. Since the wave crest has a rather 
deformed shape in comparison with a sphere, the drag co- 
efficient of our interest can be given approximately from 
the analogy to the drag on an irregular shaped particles. 
Thus we have 

Cd" 1 (4) 
which is applicable to the wave Reynolds number Re, = 
P ~ U , . U / ~ ~  in the range of 10 to 5 X lo5 (Brodkey, 1967). 

On the other hand, the retaining force of the surface 
tension is given by 

Fa = C,hu ( 5 )  
where C, is the interfticial shape coefficient. If the base 
area of the average wave crest can be approximated by a 
half ellipse, then we have 

C,  - < 0.77 (6 )  

Substituting the expressions for the drag force and surface 
tension into the entrainment criterion (2), we obtain 

(7) pgvr2a C P  -&- 
2 c d  

The second assumption is concerned with the wave 
amplitude and the flow within the wave crest. We assume 
that the interfacial shear force at the top of the wave in- 
duces an internal flow of order of magnitude of the film 
velocity and that the motion of the wave crest with respect 
to the film can be expressed by a shear flow model: 

where C, is the factor to account for the effect of the sur- 
face tension on the internal flow. Since the hydrodynamics 
inside the wave crest can be described in terms of the vis- 
cous force and the surface force, C, will be a function of 
these forces. For this reason, we take the following nondi- 
mensional form for the expression of Cw: 

where the viscosity number N ,  is given by 

First we note that a similar group has been used by 
Hinze (1955) to analyze the problem of droplet disinte- 
gration in a gas flow. The difference is that an initial drop- 
let diameter was used as a length scale, instead of the one 
based on the critical wavelength of the Taylor instability 
used in the present analysis, that is, du/gAp, which is 
also the maximum stable drop radius in the free stream. 
The physical significance of the group of Hinze was later 
explained elegantly b Sleicher ( 1962), by considering the 

It was shown that the group measures the viscous force 
induced by an internal flow to the surface tension force. 
Furthermore, in the field of two-phase analyses, the in- 
verse square of Nw is known as the Archimedes number 

internal flow induce d y  by a natural vibration of the drop. 
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which has been used to correlate the experimental data in 
the slug and bubbly flow regimes. The essential point is 
that the viscosity number is a property group, and thus it 
does not depend on the flow conditions. 

The shear force at the interface can be expressed by 
either a gas or liquid friction factor as 

or 
P& 

71 = fi 2 
There are numerous studies on the interfacial friction fac- 
tors (Levy, 1968; Wallis, 1969; Hewitt and Hall-Taylor, 
1970). If the interface is in rough wavy regime, then the 
simple correlation of Wallis is applicable. Thus, 

fgr = 0.005 [ 1 +  300 8 / 0 1  (13) 
where D is the hydraulic diameter of the duct, On the 
other hand, a typical expression for the interfacial liquid 
friction factor f i  can be obtained from the correlation for 
a film thickness given by Hughmark (1973). Thus, we 
have 

dK= K Refrn '(13) 
where K and m are given by 

K = 3.73 , m = -0.47 for 2 < Ref < 100 

K = 1.962, m = -1/3 for 100 < Ref < 1000 (14) 

K = 0.735, m = -0.19 for 1000 < Ref 

However, the various experimental data used by Hugh- 
mark indicate that 

dF= 1.962 (15) 
is a good estimate for the transition regime explained in the 
previous section. 

Now in view of Equations (8) and (12), the amplitude 
of the wave can be expressed as 

By substituting the above equation into the entrainment 
criterion given by Equation (7), we get 

Here we have eliminated the liquid friction factor by 
means of Equation (15). If the previously given expres- 
sions for the drag coefficient Cd, interfacial shape coefficient 
C,, and interfacial gas friction factor fg i ,  that is, Equations 
(4),  (6) ,  and (13) are substituted into the above incep- 
tion criterion, we obtain 

In addition, if the film thickness is very small such that 
W D  << 1, then the relative velocity can be replaced by 
a gas volumetric flux ig, which is the gas volume flow per 
unit tube area, and the effect of the film thickness on the 
friction factor appearing on the right-hand side of the 
above equation can be neglected. Under the above con- 
dition, the simplified form of the inception criterion for 
entrainment reduces to 

-2 
10 1 I I I 

lo3 Id2 10' I .o 10 
B f  

Fig. 10. Correlation for Cw. 

Here the order of magnitude of the coefficient C ,  is ex- 
pected to be one. However, its dependence on the viscos- 
ity number Nu should be determined from the experimen- 
tal data because the detailed hydrodynamics inside of the 
wave crest has not been considered in the present analysis. 

The experimental value of C, for each liquid can be ob- 
tained from the full logarithmic plot of the set of data in 
the plane of the gas velocity group versus the liquid Reyn- 
olds number appearing in Equation (19).  The position of 
the straight line with the slope of - 1/3 best fitted to the 
data gives the value of 1/(3 C,). We have used the ex- 
perimental data listed in Table 1 to determine the func- 
tional dependence of C, on the viscosity number N,. The 
basic characteristics of the data used are shown in Table 1. 
Figure 10 shows the proposed correlation for C, and the 
experimental data used to determine it. Hence, the explicit 
form of Equation (9)  is given by 

1 1 - = 11.78 NsO.$ for N ,  4 - 
3 c w  15 

(20) 
1 ; for N , > -  I 

15 
= 1.35 

The above relation clearly indicates that in the low 
viscous number regime surface tension dominates the mo- 
tion of the liquid within the wave crest whereas for larger 
viscous number regime, the viscous force controls the mo- 
tion. 

The final form of the simplified inception criterion for 
entrainment in the transition regime can readily be ob- 
tained from Equations (19) and (20), thus we have 

1 .  
1.35 Rej-l/3 for N , > -  

15 

ROUGH TURBULENT REGIME 

For the range where a film Reynolds number exceeds 
about 1500 to 1750, the film flow becomes completely 
rough-turbulent and the dependence of the liquid friction 
factor f i  on Ref decreases. As a simple approximation, it 
can be assumed that the liquid friction factor becomes con- 
stant for a large Reynolds number in analogy with a flow 
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over a rough surface. Consequently, in th is  regime where 
Ref exceeds the critical Reynolds number Ref,, the incep- 
tion criterion given by Equation (21) should be rewritten 
in terms of Hefc. By taking the criiical Reynolds number to 
be 1635, the inception criterion for the rough turbulent 
regime becomes 

- 
1 I &- d z  Z N,,o.8; for N,, < -, R e f >  1635 I u  Pf 15 

(22) 
k0.1146; for N,, > - R e f >  1635 

15 ' 
The comparison of the above criterion with the experi- 

mental asymptotic values of the minimum gas velocity is 
given in Figure 11. Overall comparisons of the present 
criteria for the onset of entrainment for weakly viscous 
fluids, that is, N ,  < 1/15, to the various experimental data 
is shown in Figure 12. In view of the previously discussed 
experimental difficulties in determining the entrainment 
inception point and the associated scattering of the data, 
the agreement of the present criteria to the data is satis- 
factory. The disagreement of the data for the mineral oil 

- 

U .  
VISCOSITY NUMBER, N p =  ' ' p?.G I", 

Fig. 11. Comparison of experimental data to predicted minimum gas 
velocity for inception of entrainment in rough turbulent regime. 

802 ,o' 30' 10' 

, ,ou ,n  "Ll l i ' ," I  NUMBER xc, ' P d  

Fig. 12. Comparison of the inception criteria for entrainment based 
on the roll-wave breakup mechanism to the experimental data. 
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no. 3 and gas oil (van Rossum, 1959) with the above 
criteria is due to the changes in the entrainment mecha- 
nisms which will be discussed in the subsequent section. 

LOW REYNOLDS NUMBER ENTRAINMENT 

There are considerable theoretical and experimental evi- 
dences (Hanratty and Engen, 1957; Hanrarty and Hersh- 
man, 1961; Brodkey, 1961) indicating that the large am- 
plitude waves having the characteristic of the roll-wave 
start to disappear for a low Reynolds number film flow. 
This can be attributed either to the stabilization of the 
film or to the dlminishing growth factor. The value of the 
Reynolds number corresponding to the roll-wave transition 
is not firmly established, however, the results of the vari- 
ous investigations suggest that it is in the range of 2 to 5 
for a falling liquid film flow. Based on these experimental 
and theoretical evidence, we assume that the roll-wave 
entrainment mechanism holds down to the film Reynolds 
number 2 for a vertical downward liquid flow. 

On the other hand, in a horizontal or vertical upward 
flow, it has been shown that the transition also depends 
on the gas flow. However, a careful examination of very 
limited experimeLta1 data on the inception of entrainment 
(van Rossum, 1959; Zhivaikin, 1962; Cousins, 1965) in- 
dicates that there exists a sudden deviation from the cri- 
terion based on the roll-wave mechanism. The critical gas 
velocity starts to increase rapidly as the film Reynolds 
number decreases beyond a certain value. For low viscous 
fluids, this transition occurs at approximately Ref = 160. 
This phenomenon can be attributed to the diminishing 
formation of roll waves due to the decreasing interaction 
between the gas core turbulent flow and the liquid film. In 
the absence of sufEcient experimental data, we only postu- 
late that the range where the roll-wave entrainment mech- 
anism can be applied is given by 

Ref > 2 for vertical down %ow 

Ref > 160 for horizontal or vertical up flow 

Below the above film Reynolds number range, the criterion 
given by Equation (21) is expected to be increasingly in- 
accurate. However, this does not exclude the possibility 
of the entrainment of the liquid into gas stream. Indeed, 
the experimental data of van Rossum (1959) show that the 
film entrainment occurs at Reynolds number much less 
than 160 if the gas velocity is sufEciently high. In this re- 
gion, it was shown by van Rossum that his data for the 
inception of entrainment can be well correlated by the film 
Weber number defined by 

(23) 

It  was shown that the critical Weber number was approxi- 
mately 17 below which no entrainment existed. This cri- 
terion is in startling similarity with the correlations for the 
droplet disintegration in a gas stream proposed by Hinze 
( 1955) and others (Sevik and Park, 1973; Sleicher, 1962). 
Using the droplet Weber number based on the initial 
diameter of a drop instead of the film thickness 6 used in 
Equation (24), Hinze discussed three different disintegra- 
tion mechanisms. For a relatively low viscosity fluid, the 
critical Weber number is found to be 12 if the drop is 
exposed to a sudden gas flow, whereas for a falling drop, 
it is approximately 22. The critical Weber number in- 
creases with increasing viscosity. On the other hand, in a 
highly turbulent flow, a drop can disintegrate at much 
smaller Weber number due to turbulent energy transfer. 
During the breakup process, it has been observed that the 
drop undergoes stages of extreme flattening, formation of 
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a half cup shaped air bag, increasing bag size, and thin- 
ning of the film, bursting of the film to produce very fine 
droplets, and breakup of the base into larger drops. 

In the case of a film entrainment at low Reynolds num- 
bers, it is possible that a similar process is initiated by a 
gas turbulence which acts on the film to undercut it as 
discussed in the previous section. The photographic study 
of van Rossum (1959) apparently supports this entrain- 
ment mechanism. If the complete similarity exists between 
the droplet disintegration and the film entrainment, then 
we have 

Here we consider that the value of C should include the 
effect of the solid wall on the length scale represented by 
the film thickness. The proposed correlation of van Rossum 
(1959) gives this constant to be 17 which is reasonably 
close to the value 22 obtained by Hinze (1955). 

As noted by van Rossum, the above criterion is dBcult 
to apply to practical cases because usually the film thick- 
ness is not known. For this reason, he gave a film thickness 
correlation based on the laminar flow model. The essential 
point of the correlation is that the mean film thickness is 
50.6 times the one based on the smooth laminar film and the 
dry wall shear stress. Because the correlation of van Ros- 
sum is somehow cumbersome to use, we propose here an 
alternative correlation. 

The film correlation of Hewitt and Hall-Taylor (1970) 
and Hughmark. (1973) show that if the interfacial shear 
stress is used instead of dry wall shear stress, then the 
liquid friction factor is almost the same function of the 
liquid Reynolds number as it is for a single-phase laminar 
flow. By using this result, the film thickness can be given 
by 

The shear stress in the above expression can be replaced 
by the interfacial gas friction factor fgi, thus the inception 
criterion of entrainment, Equation (25), can be rewritten 
as 

(27) 

If the value of C is taken as the one given by Hinze for 
the droplet disintegration, that is, C = 22, and the film 
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Fig. 13. Comparison of the inception criterion for entrainment based 
on the wave-undercut mechanism to the experimental data. 

thickness is assumed to be very small as in the previous 
case, the criterion reduces to 

The above correlation is applicable to the range of Ref < 2 
for a vertical downwards now and Ref < 1650 for a hori- 
zontal or vertical upwards flow. 

The comparison of the above inception criterion for en- 
trainment is compared to the available experimental data 
in Figure 13. 

It can be seen from the figure that the criterion based 
on the wave-undercut mechanlsm agrees with the experi- 
mental data better than the one based on the roll-wave 
mechanism in the applicable Reynolds number range. 
Furthermore, the clear transition in the entrainment mech- 
anisms can be seen at Ref approximately 160 for the verti- 
cal upward and horizontal flow. 

MINIMUM REYNOLDS NUMBER 

In order to have a full dynamic interaction between the 
turbulent gas core and the film, the wave should penetrate 
through the gas boundary layer. By taking into considera- 
tion that the order of magnitude of the maximum ampli- 
tude is about two to four times of the film thickness for a 
relatively thin film (Hewitt and Hall-Taylor, 1970; Wallis, 
1969; Chung and Murgatroyd, 1965; Gill and Hewitt, 
1966), the energy transfer from the gas turbulence to the 
liquid can be characterized by the ratio of the film thick- 
ness 6 and the gas boundary layer thickness. The length 
scale associated with the boundary layer can be given by 

where y f  represents the dimensionless distance from the 
wall based on the shear velocity. For example, if y+ = 5 
then 1 gives the thickness of the laminar sublayer. An ap- 
propriate expression for the film thickness can be obtained 
from Equation ( 1), ( 12), and (15) by eliminating uj and 
fi, thus 

The minimum Reynolds number criterion can be ob- 
tained by postulating that for 6 < I no entrainment can 
be possible. In other words from Equations (29) and (30), 
we have 

( R e j ) , h = ( L ) a n  0.347 (Eyf4 (z)”” (31) 

The above minimum Reynolds number sets the absolute 
limit on the orset of entrainment below which no entrain- 
ment is possible irrespective of the gas velocity. In view 
of very limited experimental data, the value of y+ cannot 
be established firmly; however, the amplitude-film thick- 
ness relation and the standard boundary layer theory indi- 
cate that y+  is in the range of 30/2 to 30/4 where 30 
stands for the thickness of the sublayer and the buffer 
layer. By taking the mean value, we have 

y+ = 10 (32) 

SUMMARY OF THE CRITERIA 

Summarizing the results obtained above, it can be said 
that in general one has to know the liquid flow direction, 
liquid Reynolds number Ref, and the viscosity number N, 
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in order to predict the critical gas velocity. In the rough 
turbulent regime, Ref > 1635, the onset of entrainment 
criterion is given by Equation (22) which is the asymp- 
totic case of the one based on the roll-wave mechanism, 
and it can be applied irrespective of the liquid flow direc- 
tion. 

The entrainment inception criterion, Equation (21), 
has been obtained by considering the shearing off of roll- 
wave crests, and it is applicable in the range 100 < < 
1635 for the horizontal or vertical upwards flow and 2 < 
Ref < 1635 for the downward flow. At the lower limits of 
the Reynolds number, the entrainment mechanism shifts 
abruptly to the one based on the wave undercutting mech- 
anism, Equation (28). I n  addition to the inception of en- 
trainment criteria, the minimum Reynolds number cri- 
terion, Equation (31), sets the absolute limit on the onset 
of entrainment. 
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NOTATION 

a 
C 
c d  
c, 
c, 
D 

= roll wave amplitude, cm 
= coefficient for Weber number criterion 
= drag coefficient 
= interfacial shape coefficient 
= coefficient for internal flow 
= hydraulic diameter 
= gas interfacial friction factor 
= liquid interfacial friction factor 
= drag force, dyne 
= surface tension force, dyne 
= acceleration of gravity 
= gas volumetric flux, that is, superficial gas veloc- 

= factor in Hughmark interface friction factor cor- 

= boundary layer length scale, cm 
= a constant given by Equation (14) 
= viscosity number defined by Equation (10) 
= film Reynolds number defined by Equation (1) 
= wave Reynolds number, povrcr/tco 
= liquid film velocity, cm/s 
= gas velocity, cm/s 
= relative velocity between phases, cm/s 
= Weber number 
= nondimensional distance from wall 

ity, cm/s 

relation 

Greek Letters 
r 

Ap = density Werence, g/m3 
6 = average film thickness, un 
A = roll-wave length, cm 
vf = kinematic viscosity of liquid, cm/s 
pj = liquid viscosity, g/cm s 
po = gas viscosity, g/cm s 
p f  = liquid density, g/cm3 
po = gas density, g/cm3 
v = surface tension, dyne/cm 
ri 

= liquid volume flow rate per unit of wetted perime- 
ter, cm2/s 

= interfacial shear stress, dyne/cm2 
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Steady State Multiplicity of Adiabatic 
Gas-Liquid Reactors: 
1. The Single Reaction Case 

A model of an adiabatic continuously stirred-tank reactor in which a 
single exothermic second order-gas liquid reaction occurs has been devel- 
oped. The interactions between the rate of the chemical reaction, the 
diffusional resistances, and the solubility may cause the occurrence of up 
to five steady state solutions, even though no more than three solutions 
can be attained when the same reaction is carried out in a single phase 
CSTR. A parametric study is used to examine the sensitivity of the model 
to the value of several parameters. Topological arguments are used to 
obtain a simple instability criterion. 

SCOPE 
Many important gas-liquid reactions such as chlorina- 

tion, oxidation, and hydrogenation are carried out in a 
CSTR (continuously stirred-tank reactor). The interactions 
among the various physical and chemical rate processes 
in these reactors may cause the occurrence of steady 
state multiplicity as observed by Ding et al. (1974) and 
of unusual dynamic phenomena such as sustained peri- 
odic oscillation (Hancock and Kenney, 1972). 

Theoretical analyses of the steady state multiplicity 
and stability of a two-phase CSTR have been presented 
by Schmitz and Amundson (1963a,b,c,d) and Luss and 
Amundson (1967) ucing mathematical models which as- 
sume that the chemical reaction and the interphase mass 
transfer are two independent noninteracting processes. 
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However, this description does not properly account for 
the actual rate of reaction (or absorption) of gaseous 
reactant species except when the mass transfer resistance 
is negligible. For example, this formulation fails to ac- 
count for the enhancement of the mass transfer coefficient 
by the chemical reaction when the mass transfer rate is 
the controlling resistance. Recent experiments carried out 
in our laboratory indicate that these simplified models are 
often capable of predicting many of the qualitative fea- 
tures of gas-liquid reactors. However, they are inadequate 
for a quantitative simulation of the behavior of a CSTR 
over a wide range of temperatures in which a continuous 
shift from chemical to mass transfer control occurs. 
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